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Year 1 Work, Energy and Power - Inclined planes, Variable resistance

Answer ALL questions. Write your answers in the spaces provided.

Unless otherwise indicated, whenever a numerical value of g is required, take g = 9.8 ms™ and give your
answer to either 2 significant figures or 3 significant figures.

1. A van of mass 750kg is moving along a straight horizontal road.

1

At the instant when the speed of the van is vms™', the resistance to the motion of the van

is modelled as a force of magnitude (200 + 1*)N.

When the engine of the van is working at a constant rate of 12kW, and the van is moving
at a constant speed,

(a) show that the van must be moving at:20ms™', justifying your answer.

Later on, the van is moving up a straight road inclined at an angle @ to the horizontal,

where sinf =

15
At the instant when the speed of the van is vims™, the resistance to the motion of the van
from non-gravitational forces is modelled as a force of magnitude (200 + v*)N.

The engine of the van is now working at a constant rate of 15kW.

(b) Find the acceleration of the van at the instant when v = 10

,the resistance to motion (200+v*) and the power rearranged

v R N » U formula.: P = F ve yeuis

b N . I PN - AmlWVL V& D
B e
F= L
v

R ...Where :
o T E%Ess -
R = — and v=V
(200+v*)e—  1,000kq

let's illus{ratezhe7in;o¢ma{ton above in o detailed dto.$am ~label the

: .;’ B L)NUTE quLon (£ asﬁg u§
Y/ %6 chou that v=20ms™' o

~— in iren div'aﬁt“i;(('; otvel
NOTE:could'Ve done " "
this as & separate line of working but it's
more efficient inthe exam +0 urite in the
as the rearranged

nov use the fact that the car is moving at a constant speed -thismeans
that it's in non-stationary equilibrium ;so gores left = forces right

=) loow’- z v3+200v - 12,000=0
xv_ VvV




nou we can do one of two methods to show v=20ms™!
WAY 1: us@ substitution WAY 2:use factor theorem

if Subbing in v=20ms™ into the  know from Core Pure Yr 1 that the
cubic  gives ‘D' -this means tnat it  best vay to Solve a cubic for v (s

must be the only solution to use factor theorem : thig States
LHS -
(20) ® +200(20) = 2,000 ibg that if (x-a)is a factor,then $(xl=0
= 8,000 +,000 -12,000 ~hence if v=20 uas afactor,then £(-20)
= ]
d tor - let's prove however
= 12,000 - /2,000 uould be a factor prove ho

uhy it has tobe the oaly fattoras well
..using polynomial diviSion 0a
vz=20 the gubl'c .

V-2ofy 350v? +200V-12,000

~vi-20v? | l

=0 =) tus=rHS

20V +200V
=20V -Y4oov

_600v-12,000
600V - 12,000

(o)

sy =20ms™

(b)now the is moving up the INCLINED PLANE -illustrating this

diaammmaﬁcall‘: label the resolved the resistance to mo{:iou,
and the rearranged
W\/ @ / 2
formula: P=FV e \
=YE=FPly \
...uhere: 455
x1600
—

ert t
conv el arts

..o find the acceleration let's

resolve l\orizon{-allj -subl.im] J ‘

iato Neuton's Second Law : twinJaxis
formula - 2Fx= ma

&fyc = - -(200+v) 21 50a
subin (gvenia f

||S°° —?SOs -3003}501
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expand and solve for ‘a’

=y 310=3S0a

=< 3%0 <3%0

a=HO = 0.qyce.. =/0.943 ms™ (3¢4)

3s0




Year 2 Elastic Strings and Springs; conservation of mechanical energy, friction, Inclined planes
2.

Figure 1

. . 3 .
One end of a light elastic string, ofinatural length:$,and modulus-of elasticity 778, is

attached to a particle of mass m. The other end of the string is attached to a fixed point 4
on a rough inclined plane. The plane is inclined at angle a to the horizontal, where
5

tana = ——
; 12

Initially the particle is held at the point B on the plane, where AB"=2[ and B lies below 4
on the line of greatest slope through A, as shown in Figure 1.

The particle is released from rest at B and first comes to instantaneous rest at the point C,
. 8
where C is between 4 and B and AC = gl‘

Find the coefficient of friction between the particle and the plane.

the most important thing to consider uhen approachiag elastic strings

and springs questions (s dreuing a detailed diaqram -here, [et's do one

for aand one for AFTER the particle travels up the plane-label
respective energies

. AFTER -

- = = G.PE=0,

tefo potential
energy level

-but need perp-diskance call
it 'h“irovc“ed vp plane - hence
duiVing the follouins triangle
from the diagram and using triq

i3 < -.-)Siqo(:% -
= S/i3 h =) he= stnel

T :)cos'o(:A/,.,

. " . . = <112 .
~ Subbingin S‘?":s In and given tond= Sha-usin
into expression for | Pythag. tnple: §12)3

= hsdet ) =¥t




R (- ! -weed formula

CTION FORCE-need
K‘ to resolve verditally

-

A
mgs oo o
mQqcos this (s uhat we're looking for'

R(L): R=mqcosck -Subbing ‘t)/cosak-'zln
sub abeve iato the work-energy principle : includes dissipative forces)

3 .d aqainst
+ERE = Ee : *E'Lef"u {?fch‘or\

Ndin+ KIE" +

vitational u.‘ih‘_

L i a Winebic i llin\ul sashic,
TN O S
e 3 -
2™+ * AX = lmyds +ax 4+ Frxd

22 22
Subbinqz info above

ol /[ - \2
O—l“'%m—i,, : = O rEoqe Hed (58 2 00/

L 20 T
cancel mg's and expand oat brack ets

3ol = 2 4+ 27 Y,
/3 IBQ IBOL +MT/6s

collect Like “2'terms:




Year 2 Vector Momentum and Impusle; finding angle of deflectio..

1

3. A particle, P, of mass 3kg is moving with velocity (2i + j)ms'' when it receives an

impulse I of magnitude /130 Ns. Immediately after receiving the impulse, P is moving

with veloeity (—i £ 2j)ms™, where 1 is a positive constant.

(a) Find I, giving your answer in terms of i and j.

The angle between the direction of motion of P immediately before receiving the impulse
and the direction of motion of P immediately after receiving the impulse is 6°

(b) Find the value of @

(adtet's iUastrate the above information on a detailed diagram-label the
and the velocity after
we anre asked to find the vetorcomponents
of I, qiven the value of its magnitude
- hence usic\% the vector torm of the Impulse-
Momentum principle:
formula:  [z2m (v-u)

(8)==(()-(%)
5 (8)=3(32)
expand in{'qo the bracket
(%) 3 (n —3)
and using the magniiude =J—IZD,
hence Pythagorse (1)

A+ (3a-3)" =120
expand uithin the Square root:
Jia*-182+90 = [130
squdre both Sides and solve
{-OI'Z‘
=) 9922 -182-40=0
solve thi¢ using your
=) 2 P 'ols
~subbing int0 OUr expression
for (t) ]
- (-9 M-
aL=(4)® (3(«013)-3) = (, 2 N

Yo= (.7:

3'&3_’]:




(b) we know A from (a) 50 can sub it in and find the

betueen and V

WAY | s using the scalar product
COs'e = QA -b < Scalar prodwct

lallbl = "Ji’?n*éf,n.em s

{.Orm\k|a .

Subloing intothe above
c0$6 = (“’/3)
JE ) J-1) + (*oR)?

and evaluate the scalar

product ond the magnitude

0sf= -241%5 _ 4y
Is Jiovjy  Tsus
3

=)ose= t'/J-s;g

- (.T‘!’I;) - there are tuo uays to do this

WAY 2:using triq and vector triangles

; =l see from the
loJy '\(m\l!‘) qu‘tcm that
™
L is
-1 obtained fiom
=190° - tan™ ) -ton (.ﬁ
Ly NOTE:

consider the vector
as side lenqths

(- ignore -ves)

=) 180° - -33-3003...
20.134
80.1°(3s.4)

) =<os"("/‘,§s_)

- ON"n 1
-

=380.1°(3s4)
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Year 2 Elastic Strings and Springs; equilibrium problem, dynamic problem, conservation of mechanical energ
e “

4.

P

Figure 2

A light clastic string. of Nifurablengtiv8iand modulusof elasticity-kmg, has its ends
attached to two points 4 and B, where AB = 8/ and 48 1s horizontal. e

A pebble, P, of mass m 1s attached to the midpoint of the string. The pebble rests in e
equilibnium at a distance 3/ vertically below 4B, as shown in Figure 2. The pebble i1s
modelled as a particle, and air resistance 1s modelled as negligible.

10
(a) Show that &k = ?

The pebble 1s pulled vertically downwards from its equilibrium position until the total

40
length of the string is Tl. The pebble 1s released from rest.

(b) Find the acceleration of P at the instant it i1s released from rest.

At the instant the pebble crosses the line A8, the pebble has speed v.
(c) Find v.

In an experiment, when the natural length of the stning was 2m, it was found that the
speed of P at the instant when it crossed the line A8 was [ .5ms™.

(d) Considering the model, suggest a reason, other than air resistance, why the model and
- the experiment give different values. S
(1

(a) furst part of this elastic strinqs and springs question (s an
EQUILIBRIVM question ~hence redraving Fiq 2 as a force diagram - (abel
o ) Sy A the ytension ANO natural lenath

r\w L

A T “resolving(7):

PR O
e, 2 He+x- ¢ ....... resolve force§ | ) equilibrium
v .
the nntu}e.( .'j.cose — Tsu\e up= fo/(es doun:

M
wo triangles
to qet sin,it'll be useful to exploit triangle properties -use
;HQ . the Pythag.triple:34,T
3 =y $inB == 3/s

S A ; v
. > | Y060 MH=TIS )

\?.T sind =




Subbiﬂs sin® = 3/*5 into our equation

=) ‘/sT =
+6/s ¢/
T= S/‘ Mj
now to qet the modulus of "l.“su‘if:h’k'mq,cm Sub inkd formula. for
strings and springs [yt i109'¢) |
Jote e ) subbing in-into 470m one triangle:
formula: T-= ‘)_x_ } o ;
i 4&

D cnatveaL
LENGTM (a1

cancel mg's

(b) now ue have a dynamics problem that involves elastic strings and springs
—Yue need a new diagram forthe new extension
42 : ‘e

404x, T
= = . Te
- resolving
s i-y (0mpon¢n’l-s T —eTc056
{
hereudre
holving the
$ uant to and using Neutode 2nd lau to qet
(:nsid:r eeu}:l le PP
);lp:rgieij Q
formula: zFx,: ma
subbing iato above
uhat we're
(222)*- (%) =42 ATSin® — rriq = rrgs FnCRa
= ... and ue Cﬂnqel’ b\i exploi*"qg our

expand 04t 0
the bracketbs trianqle properties uith triq aqain:

7;:_602'1‘ —LE ‘7 but {irst let's do Pgthqgoms‘ to qet
= ‘1’%2 9 the uaknoun vertical length )



S noW we can form a triqtriange -
'éﬂ =) sind =%y= ‘jf;’/*i’ﬂ - I
1 A/, =
[) oSO = IH OAQ = _, = 3/5
. and. can qet the value fof T using our formmla,
gor tension (on one l:mmglcl

subbing
formula: T2 % } T= IO/smq(g/s )
'-il
expand
- -ﬁ m
a 3

Now subloing in the valwe for cinb ANO the value for T iato

our neu Qquation
= 2 [ 20 Moo
=) 1(;"‘3)( )= Mg=mo.

expand above

39-9:=a

collect Vike te/mg

=)a = Z:%g mg"!

(c) recognise that the fatt ue wneed to find ‘v! hints at the need forus to
use the wvork-enerqy principle :meang momentum befere = momentum after

lequing tuo diqqums for this: one for and Onée for AFTER
the crosses the hne AR (and labelling respective
energies)
AFTER
T A — 7 8
¥
!
{
2*_81 - ——— — — — —— — = — — == = (€0

3 zero potential enerqy
tine



sub abeve iato the uork-energy principle : includes dissipative forces)

. . P. .d aqaiast
W.d U *E'I‘E‘ b+ : +e LEf* ud{?‘ch’on ,
,‘— kinetic qnv:* I,I{MII mmc_l m,,‘.'u 'ui-\m elastic, !
nla initisl '.“i-\i':ill i.?:g:l .m: vf!‘p':\.l:l ”;’::ta(

t——

S My 2

2™ ¢ v 2% = dmilbng b 0 4 Fexd ——

2 22

subbing into above (nov treqin’ng string AS A UWHOLE rather than
splitting it into tuo triangles)

2 ntQ‘*'mfi"d!
o) + 2x 10/mq (%9 Y
' T g Vg0

2.(4)

23
=) -'-v"-ré%l—
2 23
= vi: 3Z g9
23"
DV =[3240 ms”!
o zq-' ‘J
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Year 2 Oblique Collisions; Oblique Collisions with vector walis, Successive Oblique Collisions
5. [In this question i and j are perpendicular unit vectors in a horizontal plane]

C

(4

vms'

(2i — 3j)ms™

Figure 3

Figure 3 represents the plan view of part of a horizontal floor, where AB and BC

_’
represent fixed vertical walls. The direction of 4B is in the direction of the vector i and
the direction of BC is in the direction of the vector (—i + 3j).

A small ball is projected along the floor towards wall 4B so that, immediately before
hitting wall 4B, the velocity of the ball is(2i = 3j)ms".

The ball hits wall 4B and then hits wall BC.

The coefficient of restitution between the ball and wall 4B is

— | -

The coefficient of restitution between the ball and wall BC is §

The velocity of the ball immediately after hitting wall BC isprmsth

The floor and the walls are modelled as being smooth. The ball is modelled as a particle.

1
Show that v = (—i + ;j)

(12)

here instantly ue can see that ue have a successive oblique
collisions with VECTOR WALLS question -let's tackle each collision
~separately

.fitst just the collision of the ball uith = :

dj%rcm:

=" ..7}' 2/ ’7 we need toqet the vector
34 ‘ ;WSing components of
R g .. perp.component :
I udse IMPULSE acks perpendicular Lo

the surface of impact ~only the
pesp-comps will change- appty NEL
reqrranged.(m‘\h'pl! by ez’ )
Wsing = |/ ye-3 =-7/




no thanqe ag doesn't
act vathis divection
=) WJCoshk =

...putting above on adiagram:

/!,/ = u= ()

..how \et's focus on the collision of the ball uith
Lnotice this (s a vector wall .- rolat iv\g it soit's vertcal
in the diagram:
vein
\Sing 04¢ tuo formulae for

collisions uith vector ualls: Veos

formvﬂai ‘,5-"1 = \_/:I_
aVEE
Subbing into the above:
Ge)-Go)=(8)-
evaluating scalar product
-L+9y= -a +3b

:)-a, ‘|'3L= S-/z
joemule -eu-r's= V'I

Limpulse

bat need the i-¢ the vector perpendicular t0 the
-Can find this (n one of three Lays

WAY |:using the scalar  WAY 2:as linear equing WAY 3: §0°rotation
coduct PR N treaking the perp-vector
P sz 33 1y =he ptrp

knou that for pespendiculer =1y=-3x as a 90° rotation of



o~ {-o/m“la: m'xmz:—l .o C'D(klﬂ.se .

vectors a:b=0 =) m,=-ve (eLipioal I

) i
= . =0 of m' S /3 ~—L )
+by ins petion, Lias a vettor: ; ¢
s or any scelar multiple: '

or T = C, ?)

:-as-a linear t/ansformatior.
(using Mx=4)

... anticlockwise:

N
— - ‘ .

(oF

o1

saca linear transformation:
(using Mx=y)

T or
..ustn and Subbing in to the formula :
- L _fa\.
(3/:.) ’ = (b)
evalwating above
‘lls ('r/z) < 3&{’!:
N 3a+b =~s/z
solving and ) simultaneously
-3x
_~q,+3l> = Sh «.into :
qQa + 3\:""'"./2 <(-1) r3b =S/
_:__w"\Oq z I0+ 10 D 3= 5|/2 23
=)0=-| ) b=l

Subbing (ato © or -~V =(t)=('/z_)



Year 1 Elastic Collisions in 1D; properties of Coefficient of restitution, kinetic energy
6. A particle, P, of mass 4m is moving along a straight line on a smooth horizontal plane.
A particle, Q. of mass 3m is at rest on the plane on the same straight line.
Particle P collides directly with particle 0.
— Immediately before the collision the speed of P is ku. where k is a constant. -
- Immediately after the collision the speed of P is u and the speed of Q is 3;“ -
The coefficient of restitution between £ and Q is e.

(a) (1) Show that there is only one possible value of &.

. (i1) State the value of k and the value of e. _

(b) Find the total kinetic energy lost in the collision between P and Q.

(a) realising that this is an elastic collisions in 19 question -henace skwing
the above inform ation uith @ cerrect diagram -label the respective masses,

velouity, velocity directions : CASEA:
i
CASE 2 3u/.
REFORE &« O AFTER e 2
~& b ~ Q
bim ‘L?)T‘ bm '/’3""/\
N N

~ see above the two possible cases for direction of motion Of
 AFTER -have t0 evaluate both PCLM and NELfor Loth coses
to see uhy these's Only one possible case for ‘k!

..case 1: A ..case &
ACForE: ke D2 7’2“\“““ ke 9 9 now evaluate
> \ PCLM -means U P . .
RN el * : ) ;\@(Fthg at PcLM:
— before = mimentum - means momentum
AFTER: T 30y, ettes W3/ Jbeforezmomentum
S o after
Jormula: - YN -I»\‘,amo_:v m "'VQ""G -— || -
Subbing into above Subbing int0 {o/mula:
kod 1) = () ) kel ) = (-n) /)+(3’(/_,)(3m)
cancel m's and u's cancel m's and w's
Yk= 4%+, =) Ylk=-4+9/,




=4 = =y 24
k:l?/g k '|/Q
V e

now sub into NEL (Newton's Impact Law)_
perhaps use ploperties of ‘2’ €o eliminate one folution

o cpeed of separation  \ _vy

-speed of approath U-Wg
sub into Gbove

= - 3%
Ku -0 %
=) e= 2—‘;‘"
CASE |: k=1¥/g CASE 2:.k=!lg
Subbing this into gubbing this (ato
our valwe fof ‘e’ our value fO('e‘:
ez =, !
2 € 2('/3)
=)Ye = "l/l} NHe o m
Ve but kavw that DfC Sl
(=) o celim.cAsea (k=)
. O Y 152 ‘
=) =7 8
g +°\ - Y
(it) je=7
(L) loss of implies imitial = - i my?

'y
\

... Laikiall :on\: has VQIO(“Q(G .-_ﬁna“:! bothhave K.€ -~ {ﬂbbn‘q! into
(S at rest) 5o subbing into our our fo/mula for K.€ -

gormula for K.E . SV S
: ) 1% )2 K-Epinat * 30 5(“‘;4‘*@"‘)@2 —;_-‘l)
W& ’ }éfgﬂ)—-imulf’-g?rw‘?ﬂ:_m—“k

=284
=S M, 280 M3 o UR T

oL T g = —mu |
\ 32 J




Year 2 Oblique Collisions; oblique Collisions with spheres, impulse

R Figure 4 e

Two smooth uniform spheres, A4 and B. are moving with speeds u and 2u respectively on
—— a smooth horizontal surface. E—

Sphere A has mass 3m and radius 2a. Sphere B has mass 2m and radius 2a.

The centres of the spheres are moving towards each other on parallel paths. The paths
————  are at a distance 3a apart, as shown in Figure 4. —

1
——  The spheres collide. The coefficient of restitution between 4 and B is 5 .

3

. : . . ... 6NT
(a) Show that the magnitude of the impulse received by A in the collision is (——mu.
(10)

(b) Find the:speed,of 4 immediately-afterthe collision:

(c) State how you have used the fact that the spheres are smooth when considering
XL their collision. N
1)

(a) notice ue're dealing uith an oblique collision between two spheres
question-but the spheres are moving on parallel paths rather
than directly towards each other -let's expleit bacic qeometrical
propelties ko find the angle at Which the the spheses are ™moving ot

(alvays measured to the line of entres)

.- d.‘aqmm:

oS S ¢ [¢ e N lo*
—aw\G%Wu B(2m) n ac ° w.lv\q l.\ng e
w,:t Yo and exploit i
i‘ ~ = 2) sinb = 9 =3
N—" - . J : .
identity Sin'0 tcos'e 2!
reavianged:

s O =Ji-sin*0 y




=yco5 0 = JI-(31,)"
- ﬁﬂst ﬁl‘f

s0 now that we've exploited triange properties,ue can drauw a
normal Collision uhere the Line of c@nkres (s parallel to ‘i' and

resolve velocities accotdingly noimpact | 4
0O 2utosd AFTER pere- °"{,‘¢s
- T‘:::“ a$
L AN ., _\ sind
sin®
resotve i-)
CompoaeatS

to line of centres:
@ treating this as a ctandard elastic collisions (a 10 question
REFORE : ~using PCLM: momentum befole =
momentum after
formula: WML E UMV, M +V, M

AFTER: —y— = v A1\ Sty
cancel m's and Qxpand :
3% +24 = 3uc0sd - 4uosO
=) e 42y=-uC0sO

..next NEL (Neuton's Impact Law)
= y=X
% 3u0$O x3ucosh
<) y-X=ucosd
solving and ) Simultaneously:

x - 3y "2‘\1:'““59
T=2x 424 = 2u059
~ Sx =-3ucosd
=S s
=) X = ’35_ wcosd




but the question asks uS for the impulse - subbing into 0wl Impulse-
momentum plincple :
formale T =mv-u)
L but recogaise impwlse acts only qloc\g‘ the
line of centres ~uging paraliel Lomps of U and ¥

L= =?ls -=Uu(0

%m(-— ‘Is u(oSe)
=) I = ‘Z'-l’[.smucosﬁ

but know €056 = ¥y =Subbing this in

1= ~temu(U71,)

= “CHgMmWU )
- 6 r~

- =2 Tmu

Lb) to find the speed of V. need to Pythagorise =S/gu.cosO bt

Su\,v_in__ ] si__r\9=3/:| and (ose;r’/q R _ A - e a®Y

VR O ) I
= w34

£

A 7 ¢
expanding the brackets
A3 I
. -‘551 wl
V.= 20

u

3y
"

Pythaqorise velocity
to qet the speed

vs[ERY
vL 20 A

- ﬁu?-4 l\vl‘z - | X
40 16 “Jd3e
= 3J2
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(c) the assumption that the sphere is Smooth means the impulse only

acts along the centres




